Three-dimensional wave propagation in an elastic half-space is considered. The half-space is traction free on half its boundary, while the remaining part of the boundary is free of shear traction and is constrained against normal displacement by a smooth, rigid barrier.
Introduction
It has recently been discovered that surface waves, propagating on a plane surface of an elastic solid, can be guided over significant distances by introducing barriers on the surface of the substrate in various ways.
The substrate is usually viewed as an elastic half-space, and the barriers are formed by depositing a layer of another elastic material on part of the surface of the half-space. By depositing a relatively massive, elastically weak material along a strip on the surface, or by depositing a relatively light, elastically stiff material on all parts of the surface except along a strip, a structure which will act as a waveguide for elastic surface waves is obtained. A detailed discussion of some guiding structures has been given by Tiersten [I] , who was concerned primarily with obtaining approximate dispersion relations for harmonic waves propagating in the waveguides. The guided waves in these cases are not the usual types of surface waves with constant amplitude on lines of constant phase, but are more general surface waves, of the type discussed by Knowles [2] , that have amplitudes which vary along lines of constant phase.
In [l] , Tiersten modeled the surface displacements of the guiding structure by the transverse deflections of an appropriately selected system of membranes to obtain approximate dispersion relations for the waveguide. A somewhat different approach is proposed here.
Before dispersion relations are studies, an auxiliary problem is considered in which one edge of the guiding structure is moved off to infinity, so that only one discontinuity in the boundary conditions must be taken into account. The reflection and transmission of surface waves at the discontinuity is then studied by solving the appropriate equations of dynamic elasticity. The elasticity problem is three-dimensional, in the sense that the scalar dilatational displacement potential and more than one component of the vector shear wave potential are nonzero. The problem can be transformed, however, so that all unknown quantities are solutions of two-dimensional boundary value problems which can be solved by Laplace transform methods and the Wiener-Hopf technique
The solution of the surface wave reflection problem is then used to find approximate dispersion relations for the waveguide. The solution of the reflection problem indicates the presence of localized body wave disturbances near the edge of the barrier. The approximate dispersion relations for free waves in the guide are obtained by geometrical considerations, assuming that these localized disturbances decay sufficiently fast with distance from either edge of the guide.
The particular problem considered in detail in the following sections was chosen for its simplicity, and it serves as a convenient vehicle for presenting the method. The boundary conditions considered assume that the surface of the isotropic elastic half space is traction free on a strip of finite width and that the remaining part of the surface is free of shear traction and undergoes no displacement in the direction normal to the surface. Systems which are more realistic, in that the mass and stiffness of the loading are considered, are currently being studied.
Concerning applications, there is a considerable effort being exerted by workers in electronics to design and fabricate structures to act as surface wave guides at microwave frequencies. Configurations other -3-than those mentioned above are being studied. These devices are being integrated into miniature circuits and serve as transmission lines, delay lines, amplifiers, mixers, etc. A review of the state of development of these devices is given by Stern [4] .
The Surface Wave Reflection Problem Let x. = (x, y, z) be a three-dimensional Cartesian coor-J dinate system, oriented as in Fig. 1 . The isotropic elastic solid occupies the region z > 0 . The traction on the surface z = 0 vanishes for x < 0 . For x > 0 , the shear traction vanishes on z = 0 , while the surface is constrained against displacement in the z-direction by a smooth, rigid obstacle. The edge of this impedance coincides with the y-axis.
The displacement vector is expressed in terms of a dilatational 2 wave potential 0 and a vector shear wave potential 'k as U.
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The potential functions satisfy the wave equations
] ]
where -a and b are the dilatational and shear wave slownesses, and the dot denotes differentiation with respect to time. The divergence of TP. is arbitrary and, for definiteness, is taken to be zero, ]
The components of the stress tensor are given in terms of the displacement 2 Cartesian tensor notation is used whenever it is convenient to do so. potentials as Ejk = X'sjkUtt + 2 ,.jk + P(ektm TMZj + eim "mtk) (4) where V' and U are the Lam4 constants.
The displacement potentials which solve the problem posed must satisfy the following conditions on the boundary z 0 for
The input is a free surface Rayleigh wave with harmonic time dependence which is propagating in the region x < 0 , and which is obliquely incident on the obstacle covering the region x > 0 . A line of constant phase is shown in Fig. l(b) , where the angle of incidence 60 is defined.
If the Rayleigh wave slowness for the material at hand is c and the circular frequency of the wave train is w , then the incident wave is represented by
where 00 is a constant amplitude, and a and 0 are components of the wave number y = wc in the x and y directions, that is, a = y sin 8 and y cos 6 . Furthermore,
where Ka = wa and Kb = wb It is the response of the material to this surface wave input that is sought.
It is now assumed that the surface wave represented by (8) is present for all x , and the potentials are written in the form §(x, y, z, t)
It is the fact that the physical system is invariant with respect to translation in the y-direction that makes it possible to write the dependence of the potentials on y in the explicit form indicated in (10).
All dependent variables are assumed to be split into a sum of two terms as in (10), one representing the incident surface wave and the second term representing the diffracted field. The convention adopted in writing (10) that a lower case symbol represents the amplitude of the diffracted field in the x, z-plane of the corresponding upper case symbol is taken to apply to all displacement components and stress components.
The potentials (10) are substituted into the wave equations (2), the condition (3) and the boundary conditions (5) - (7) to obtain a formulation of the boundary value problem for 0 and ij 
This transform is applied to the equations (11) -(15). The anticipated form of the solution suggests that all quantities are dominated by a term like e-i axI as IxI becomes large, which implies that all transforms converge only on the imaginary axis in the X-plane. To apply the Wiener-Hopf method, however, a strip of convergence is required. The usual artifice employed to achieve this strip of convergence is to prescribe a slight material dissipation in such a way as to give a a small negative imaginary part. The Wiener-Hopf method is then applied, after which the dissipation is assumed to vanish. This scheme is well established [5] , and no direct reference to it will be made in the subsequent development. One result of the scheme worth mentioning here is that, for the present problem, the positive imaginary axis is viewed as being in the right half-plane while the negative imaginary axis is in the left half-plane. In other words, the inversion path for the transform (16) is the imaginary axis, approached from the right in the lower half of the A-plane and approached from the left in the upper half-plane.
Application of the Laplace transform to (11) yields four ordinary differential equations whose solutions, bounded and/or representing outgoing waves for large z , are
Assuming Aa to be real, the condition Re The transform of (12) is
Finally, the transformed boundary conditions are The solution of the system of equations is
The result (23) is now substituted into (21), yielding an equation of the Wiener-Hopf type
Strictly speaking, (24) holds only on the intersection line of the left and right half-planes. The function p is factored into the product P+ p_ where
To proceed with the Wiener-Hopf method, it is found to be convenient to introduce the auxiliary function D*(M) defined by It is merely noted here that such a factorization can be accomplished, and presentation of explicit expressions is deferred to a later point in the discussion.
The relation (24) can now be written
Applying the well-known analytic continuation argument, each side of (27) represents one and the same entire function, say E(X) . From the condition that w(x, 0) is a continuous function of x at x 0 , coupled with the asymptotic result [8] w(x, 0) = w Aw(X, 0)
it is consluded that
It can also be shown that the condition of integrable strain energy density at x = z = 0 implies
In view of (28), E(M) has algebraic behavior at infinity and
The extended Liouville theorem then implies that E() = E , a constant, whose value can be determined by o setting A = -ia in the right side of (27).
The functions F (A)
and G (A) (or G*(A)) are then completely determined, and the transforms may be inverted.
Attention will be limited to the surface displacement on z 0 and, in particular, on the z component of the surface displacement.
The transform inversion integral for w(x, 0) is
The path of integration is indicated in Fig. 2 . For x > 0 the path of integration may be closed by an arc at infinity in the left half-plane.
The only singularity of the integrand inside the resulting closed path is the pole at A = -ia , and the residue is found to exactly cancel the contribution of the incident wave for x > 0 , thus satisfying the boundary condition (7).
In the right half-plane the integrand of (29) has branch points at X = X aXb and a pole at X ia. For x < 0 the path of integration may be closed by an arc at infinity in the right half-plane.
By applying Cauchy's theorem, w(x, 0) may be written as a sum of the residue of the pole and a branch line integral, the latter representing the contribution due to body waves. The residue, on the other hand, represents the reflected surface wave which is the wave of primary interest here. Denoting the residue by w (x, 0) , the reflected surface wave is given explicitly by 
bb When X b is real, the first integral is absent and the lower limit of integration of the second is Xb.
When Xa is imaginary, the lower limit of the first integral is -iX and the second integral is absent. a
The ratio of the amplitude of the reflected surface wave to the amplitude of the incident surface wave versus angle of incidence has been calculated for the special case of Poisson's ratio of 0.25, and the result is shown in Fig. 3 . The wave numbers for this case are the amplitude coefficient at 0 = 900 agrees with the result reported in [6] .
Guided Surface Waves 3
The results of the previous section are now used to obtain approximate dispersion relations for guided surface waves. The notation established in the preceding analysis will be employed here, to the extent possible. Suppose now that the motion of the surface of the elastic half-space is restricted by two rigid obstacles, leaving only a strip of finite width traction free. More precisely, suppose that the boundary conditions on z = 0 (5), (6), (7) are replaced by 
xz yz
where d is the constant half-width of the traction free strip. A solution is sought for wave motion in the wavegulde in the form
where A(x) is the mode shape, w is the frequency, and E is the wavenumber of the guided wave. The phase slowness of the guided wave is defined as s = w/E . As discussed previously, if only waves which are not attenuated as they propagate are considered, then Kb • .
It appears to be improbable that a solution of the form (35), which satisfies the boundary conditions (32) -(34), can be found. Additional assumptions must be made, therefore, in order to obtain approximate results for the problem. To this end, it is assumed that the body -14-wave disturbance localized in the vicinity of either edge of the waveguide has negligible effect on the state of deformation at the other edge. This is, in effect, an assumption on the rate at which the amplitude of the localized modes decays with distance from the edge. Although no precise information on this rate can be given, the validity of the assumption can be investigated to a limited extent. Some results are discussed in the next section. In any case, the result of the assumption is that, if a plane surface wave is incident on one edge of the waveguide, it is reflected according to the reflection law derived in the previous section.
That is, the reflection from one edge of the guide occurs as though the other edge was absent. It is then possible to determine dispersion relations which are "exact" within the range of validity of the basic as- The dispersion relation for symmetric waves is now obtained by combining two pieces of information. The simplest case, when any cross section of the guide is cut by at most two crests, is considered here. First, the wavelength of the guided surface wave Z = 2f/C is the interval at which the net displacement due to the combined wave trains repeats itself, that is, the wavelength is the spatial period.
A wavelength is indicated in Fig. 4a , where the interval is determined by the intersection of crests. The endpoints of the interval locate lines of constant phase of the guided surface wave. Second, the phase velocity of the guided surface wave 1/s = w/E is the apparent speed of these lines of constant phase. Referring to Fig. 4a , the phase velocity is the speed at which the point of intersection of the crests moves along the y-axis. This information is now cast into mathematical form.
Let v denote the dimensionless phase velocity, defined as the ratio of phase velocity to surface wave velocity. Then
The wavelength t is determined from the geometry of Dispersion relations for the higher symmetric modes are obtained in a similar way. These modes result when a cross section of the guide may intersect more than two crests of the wave trains. The appropriate diagram for studying the second symmetric mode is shown in Fig. 4b .
Carrying out the analysis for the second and higher modes, the dispersion relation for the Mth symmetric mode is
The antisymmetric modes may be analyzed in a similar manner. The phase line diagram for the lowest antisymmetric mode is shown in Fig. 4c, where the phase zero again indicates a crest and the phase w indicates a valley. The result of analysis for the Lth antisymmetric mode is
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The dispersion relations for the lowest antisymmetric mode and the second symmetric mode are also plotted in Fig. 5 .
The means of determining mode shapes A(x) resulting from superposition of wave trains propagating in oblique directions is discussed by Tiersten [1] . The easily derived results for the problem considered here are
Making use of the dispersion relations, (41) becomes
It is observed that the mode shapes do not predict a zero displacement in the z-direction at x = -d , which might seem to contradict (34).
The reason for this apparent difference is that A(x) does not take into account the non-propagating dilatational and shear wave disturbances localized near the edges of the guide. These localized disturbances contribute to the total displacement, the net displacement being the sum of contributions due to localized modes and surface waves. The displacement due to surface waves alone is not, and indeed should not be, zero at x = t d . From the group velocity curves in Fig. 6 , it is observed that the short wavelength, high frequency components of a guided pulse will propagate faster than the long wavelength, low frequency components.
Due to the small variation of group velocity over the whole range of wavelengths, however, the guide must be relatively very long before this feature is advantageous for cleaning high frequency noise out of a signal. Also, out of all components of a given wavelength, the contribution of the lowest mode travels slower than the higher modes.
In the previous section, dispersion relations for guided surface waves were derived under the assumption that the body wave disturbances, localized in the vicinity of each edge of the guide, had no effect on the reflection of surface waves at the opposite edge of the guide.
As a result of this assumption, the dispersion relations were obtained without direct reference to the localized disturbances. The localized modes are represented by the branch line integrals mentioned in the process of evaluating (29) for w(x, 0). Because of the complicated expressions involved in these integrals, it seems unlikely that a direct evaluation as a function of distance from the reflecting boundary can be carried out.
If such an evaluation could be made it would aid in establishing a minimum distance at which, for a given wavenumber, the amplitude of the decaying part is small enough to be neglected, as was done here. Some information can be obtained, however, by asymptotic methods. has a finite slope at x = 0 , the localized disturbance has an infinite slope there. While it is not clear from the foregoing whether w(x, 0) due to the body waves increases or decreases with distance away from the edge x = 0 , the latter is most plausible.
Finally, the magnitude of the z component of surface displacement at x = 0 can be found. It is that displacement which must be added to the (known) surface wave displacement so that the net displacement is zero. This magnitude usually comes out to be less than one-half the displacement due to surface waves. Thus, based on the amplitude of the localized disturbance at x = 0 , on the infinitely large rate at which the amplitude changes near x = 0 , and on the fairly fast decay of the amplitude for large Ixi , the basic assumption seems to be a reasonable one.
The limited range of applicability of the Wiener-Hopf method limits the number of surface wave reflection problems which can be solved in detail. For example, the problem which is identical to that considered here, except that all components of surface displacement are required to vanish for x > 0 , cannot be solved by the methods employed here. The reason for this is that application of Laplace transforms yields a system of Wiener-Hopf equations, rather than a single equation, and no means of solving such systems is known [5] . There are several other configurations, besides the one considered here, which do lead to solvable Wiener-Hopf equations.
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